Published by Institute of Physics Publishing for SISSA Received: February 27, 2005 Accepted: June 2, 2005 Published: July 8, 2005

Energy quantisation in bulk bouncing tachyon

Shinji Hirano

Department of Physics, Technion, Israel Institute of Technology Haifa 32000, Israel E-mail: hirano@physics.technion.ac.il

Abstract: We argue that the closed string energy in the bulk bouncing tachyon background is to be quantised in a simple manner as if strings were trapped in a finite time interval. We discuss it from three different viewpoints; (1) the timelike continuation of the sinh-Gordon model, (2) the dual matrix model description of the (1+1)-dimensional string theory with the bulk bouncing tachyon condensate, (3) the c_L = 1 limit of the timelike Liouville theory with the dual Liouville potential turned on. There appears to be a parallel between the bulk bouncing tachyon and the full S-brane of D-brane decay. We find the critical value λ_c of the bulk bouncing tachyon coupling which is analogous to λ_o = 1/2 of the full S-brane coupling, at which the system is thought to be at the bottom of the tachyon potential.

Keywords: Conformal Field Models in String Theory, Bosonic Strings, Tachyon Condensation, Matrix Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep072005017 /jhep072005017 .pdf

Contents

1. Introduction 1

2. Bulk bouncing tachyon 2

3. Timelike sinh-Gordon model 3

4. The matrix model 5 4.1 The spectrum 8

5. Timelike c_L = 1 Liouville 10 5.1 Two-point function 12 5.1.1 The b = i case 14 5.2 Three-point function 15 5.2.1 The b = i case 15 5.3 Limiting cases 16

6. Summary and discussions 18

A. Calculation of structure constant 18

1. Introduction

In recent years there has been a good amount of progress in understanding the dynamics of tachyons localised in space — the open string tachyon of D-brane decay [1] and twisted closed string tachyon of orbifold decay [2] (see also [3] for a review).

There is little understanding of what would happen when the bulk tachyon condenses. The bulk tachyon indicates the instability of the flat spacetime, so it is hard to imagine what kind of spacetime we would end up with after the decay. A common speculation is that the spacetime disappears as the bulk tachyon condenses. As closed strings propagate in the tachyon medium in spacetime, they would feel harder to go through it than in the spacetime without tachyon condensate. If the endpoint of the tachyon decay is at T_{blk} = ∞, it would be too hard for strings to propagate at all in the infinitely stiff tachyon medium in spacetime. In fact it may be noted that the dual matrix model description [4, 5] of the bulk tachyon condensate in (1 + 1)-dimensions seems to suggest this speculation to be true, even though in (1 + 1)-dimensions the closed string tachyon, being massless, does not indicate an instability and its condensation does not represent the decay process.

A class of marginal deformations of conformal field theory (CFT) can describe the tachyon condensation with certain profiles. However, these deformations are not a small perturbation, and in general it is not easy to solve the interacting CFTs with these de-

– 1 – formations. So finding such exactly solvable CFTs can potentially lead to progress in understanding the tachyon dynamics. It was indeed the case for the open string tachyon of D-brane decay. A nontrivial exact c = 1 boundary CFT (BCFT) — the massless limit of the boundary sine-Gordon model — was solved in [6, 7]. Later it was applied by means of a timelike continuation to the bouncing open string tachyon (full S-brane) of D-brane decay by Sen [8, 9]. Subsequently a similar BCFT was studied in [10, 11] in its application to the rolling open string tachyon (half S-brane).^1 The BCFT descriptions of the full and half S-branes led to significant progress in understanding the D-brane decay.

In the bulk case, a nontrivial c = 1 CFT was found by Runkel and Watts [14] as a limit of the minimal CFTs. It was later proved by Schomerus and Fredenhagen [15, 16] that this CFT is indeed a c = 1 limit of the Liouville CFT [17, 18]. In the same spirit as Sen, it was then applied by means of a timelike continuation to the bulk rolling tachyon by Strominger and Takayanagi [19], and Schomerus [15]. These developments can potentially be important steps towards better understanding the bulk tachyon condensation.

In this paper we will consider the bulk bouncing tachyon from three different viewpoints; (1) the timelike continuation of the sinh-Gordon (ShG) model, (2) the dual matrix model description of the (1 + 1)-dimensional string theory with the bulk bouncing tachyon condensate, (3) the c_L = 1 limit of the timelike Liouville theory with the dual Liouville potential turned on. We will study in particular the closed string spectrum in the bulk bouncing tachyon background, and propose that the closed string energy is to be quantised as if strings were trapped in a finite time interval.

The organisation of the paper is as follows. In section 2, we briefly remind the reader what the bulk bouncing tachyon is and its relation to the Liouville theory. In section 3, we study the timelike continuation of the ShG model and argue that the energy is to be quantised, based on Zamoldchikovs’ argument of the momentum quantisation in the spacelike ShG model. In section 4, we study the dual matrix model of the (1 + 1)-dimensional string theory with the bulk bouncing tachyon condensate. In particular, we discuss the spectrum of the theory and find an agreement with the result in section 3. In section 5, we make an attempt to construct the c_L = 1 limit of the Liouville theory with the dual Liouville potential turned on. We discuss how the restriction on the energy spectrum can arise and how the results in the previous sections could potentially be consistent with this Liouville CFT. We summarise our results in section 6 and close the section with brief discussions. In the appendix A, we show some of the details of the calculation in section 5.

2. Bulk bouncing tachyon

We will consider the Liouville theory with the dual Liouville potential turned on: S = 1 4π � Σ d^2x √ g � g^{ab}∂_aϕ∂_bϕ + QR_gϕ + 4πμe^{2bϕ} + 4π~μe^{2ϕ/b} � , (2.1)

where Q = b + 1/b and the central charge of this theory is c_L = 1 + 6Q^2.^2

1Following [12], we refer to the bouncing and rolling open string tachyon as full S-brane and half S-brane respectively – a coinage after S(pacelike)-brane of [13].

2We will call μ cosmological constant (CC) and ~μ dual CC as commonly referred to as in literatures.

– 2 –

In particular, we are interested in its application to the bouncing bulk tachyon. So we will eventually focus on the case b = i together with the Wick-rotation ϕ → −iϕ. This is a generalisation of the c_L = 1 timelike Liouville theory of Strominger and Takayanagi [19], and Schomerus [15]. In this case, the potential V (−iϕ) becomes hyperbolic cosine, as one can see it by shifting the Wick-rotated Liouville field ϕ to ϕ +^1_4 log(~μ/μ), which gives

V_{b=i}(−iϕ) = sign(μ) × 2λ cosh(2ϕ) , (2.2)

where λ = � μ~μ and we assume that μ~μ > 0. Thus the c_L = 1 theory we would like to consider is a massless limit of the timelike sinh-Gordon (TShG) model.

In application to string theory, this corresponds to having the bulk tachyon profile to be hyperbolic cosine of the time coordinate ϕ. Classically the bulk tachyon T_{blk} comes in from T_{blk} = sign(μ) × ∞ in the infinite past (ϕ = −∞), reaches at the value of T_{blk} = sign(μ)λ at ϕ = 0, and bounces back to T_{blk} = sign(μ) × ∞ in the infinite future (ϕ = +∞).

Without knowing the shape of the bulk tachyon potential, it may not be clear what this tachyon profile really represents.^3 However, it is tempting to interpret it as a process of spacetime decay analogous to Sen’s bouncing open string tachyon [8, 9] of D-brane decay. Thus in the critical string theory application, the bulk bouncing tachyon would be thought of as a process of homogeneous decay of the flat spacetime. We note that the analogy can be seen more manifestly in the dual matrix model description of the (1+1)-dimensional string theory with the bulk bouncing tachyon condensate [4, 5], as we will review in section 4.

The main purpose of our paper is to understand a kinematical aspect — the spectrum — of the bulk bouncing tachyon background described by (2.1).^4

3. Timelike sinh-Gordon model

Since the bulk bouncing tachyon is described by a massless limit of the TShG model, it would be a good starting point to look at the spacelike ShG model. On this score, we would like to put an emphasis on Zamolodchikovs’ momentum quantisation in the ShG model (see ref. [18, section 6] and also [22 – 24] for its application to other integrable models).

Consider the ShG model on the cylinder of circumference ϵ:

S_{ShG} = 1 4π � dt �_ϵ 0 dx � (∂_tϕ)^2 − (∂_xϕ)^2 − 8πλ_{ShG} cosh(2bϕ) � , (3.1)

where ϕ(t, x) = ϕ(t, x + ϵ). This is a massive theory and the coupling λ_{ShG}(> 0) has the dimension ∼ [mass]^{2+2b2} . It is convenient to apply the scaling transformation, (t, x) → 2π ϵ (t, x). Since the scaling dimensions of ϕ and cosh(2bϕ) are 0 and −2b^2 respectively, the ShG action then becomes

S_{ShG} = 1 4π � dt �_{2π} 0 dx � (∂_tϕ)^2 − (∂_xϕ)^2 − 8πλ_{ShG} � ϵ 2π �_{2+2b}2 cosh(2bϕ) � . (3.2)

First of all, the ShG potential is a confining potential, and thus one may expect to have the momentum to be quantised.

3Recently there is progress in understanding the shape of the bulk tachyon potential [20]. 4The open string spectrum in the boundary massless sine-Gordon model — the spacelike continuationback of the full S-brane — was computed in [7, 21].

– 3 –

Zamolodchikovs made it more precise; We can regard the ShG model as the Liouville theory with the potential λ_{ShG}e^{−2bϕ} on the left (in the ϕ-coordinate) and λ_{ShG}e^{2bϕ} on the right. In fact the locations of the walls of the Liouville potentials are given by ϕ_{left} = 1 2b ln(λ_{ShG}(ϵ/2π)^{2+2b2} ) on the left and ϕ_{right} = −^1_{2b} ln(λ_{ShG}(ϵ/2π)^{2+2b2} ) on the right. As we go to the UV (ϵ ≪ 1), two walls are well separated, and in the middle (ϕ_{left} ≪ ϕ ≪ ϕ_{right}) the potential is free. So if we send a free wave from the middle, say, to the right wall, it will be reflected as if in the Liouville theory with the potential λ_{ShG}ϕ^{2bϕ} , then propagate through leftwards freely in the middle, be again reflected at the left wall this time as if in the Liouville theory with the potential λ_{ShG}ϕ^{−2bϕ} , and then come back to the middle.

The wavefunction after the first reflection is given by

Ψ_P [ϕ] ∼ e^{2iP ϕ} + � ϵ 2π �_{−4iP Q} S_b(P )e^{−2iP ϕ} , (3.3)

where S_b(P ) is the Liouville reflection amplitude

S_b(P ) = − � πλ_{ShG}γ(b^2)

�_{−2iP/b} Γ(1 + 2iP/b)Γ(1 + 2iP b) Γ(1 − 2iP/b)Γ(1 − 2iP b)

. (3.4)

Then the wavefunction after the second reflection follows

Ψ_P [ϕ] ∼ � ϵ 2π �_{−8iP Q}

S_{−b} (−P )S_b(P )e^{2iP ϕ} + � ϵ 2π �_{−4iP Q}

S_b(P )e^{−2iP ϕ} . (3.5)

These two wavefunctions have to match up, which requires the consistency condition � ϵ 2π �_{−8iP Q} S_{−b} (−P )S_b(P ) = � ϵ 2π �_{−8iP Q}

S_b(P )^2 = 1 . (3.6)

This is the momentum quantisation.

Now we can repeat a similar analysis for the TShG model obtained by b → iβ and ϕ → −iϕ,

S_{TShG} = 1 4π � dt �_{2π} 0 dx � −(∂_tϕ)^2 + (∂_xϕ)^2 − 8πλ_{TShG} � ϵ 2π �_{2−2β} 2 cosh(2βϕ) � , (3.7)

but with λ_{TShG} < 0. In order to have the confining potential, λ_{TShG} must be negative, since the sign of the kinetic term is reversed for the timelike theory.

The energy is negative definite, and the action of the timelike theory, after the Wickrotation of the world-sheet time, is bounded from above. So we need to find, if possible, a good prescription to define this timelike theory. Fortunately, the timelike Liouville theories which are ingredients of the TShG model (3.7) were constructed by Schomerus [15], Strominger and Takayanagi [19]. They assumed that λ_{TShG} > 0, but there appears to be no obstruction to continue λ_{TShG} to negative value in their results. Futhermore, the spacelike theory from which the timelike theory is analytically continued has an oscillating potential.

As far as the reflection amplitude is concerned, it can be obtained in a straightforward manner, simply replacing b by iβ together with the analytic continuation P → −iω in (3.4). Then the argument which leads to the momentum quantisation is exactly the same as in the spacelike case. Thus we have � ϵ 2π �_{−8iωQ β} S_{−iβ} (iω)S_{iβ} (−iω) = � ϵ 2π �_{−8iωQ β}

S_{iβ} (−iω)^2 = 1 , (3.8)

where Q_β = β − 1/β. This is the energy quantisation we would like to claim.

– 4 –

In the massless limit β → 1, this becomes^5

lim_{β→1} � πλ_{TShG}γ(−β^2)

�_{4iω} = 1 . (3.9)

Since the lim_{β→1} γ(−β^2) diverges, we need to take the λ_{TShG} → 0 limit such that the lim_{β→1} � πλ_{TShG}γ(−β^2) � is kept finite. We will give more precise prescription to take this limit below, but let us denote lim_{β→1} (πλ_{TShG}γ(−β^2)) as (λ_{TShG})_{ren} for the moment. Then the energy quantisation (3.9) reads ω = πn 2 ln(λ_{TShG})_{ren}

, n ∈ Z_+ . (3.10)

Since the positive and negative ω are related and thus not independent due to the reflection, we have taken only the positive integer n. The zero mode n = 0 corresponds to a constant wavefunction and so should be removed from a complete set of states in the Hilbert space with the discrete spectrum.

In [25], Fredenhagen and Schomerus studied the minisuperspace approximation of the rolling and bouncing tachyons. In particular, in the bouncing tachyon case, they found the discrete energy spectrum. They considered the case of λ_{TShG} > 0. In that case, the potential is not confining, but one still needs to impose the boundary conditions at ϕ = ±∞, since a classical particle in the exponential potentials can reach at ϕ = ±∞ in a finite time. As the system is then effectively in a finite box, the energy is quantised. Our quantisation condition is different from theirs. This is not a contradiction, since the boundary conditions at ϕ = ±∞ would not yield the same effect as the confining potential. Also the minisuperspace approximation is a good approximation in the semi-classical limit β → 0, while we are considering the β → 1 limit.

As long as the theory is massive, two walls are well separated in the UV (ϵ ≪ 1), which validates the above argument in the UV. Moreover, in this case, there is an alternative check of the momentum quantisation (3.6) by the Thermodynamic Bethe Ansatz for the spacelike theory.

In the massless limit, the theory does not depend on the scale ϵ. So the picture of the well-separated walls is only true when |(λ_{TShG})_{ren}| ≪ 1. However, we would like to argue that the energy quantisation (3.10) is valid for generic value of (λ_{TShG})_{ren}. In the following sections, we will provide two alternative arguments which support our claim.

4. The matrix model

We would like to use the matrix model of (1 + 1)-dimensional string theory in order to learn the c_L = 1 Liouville theory with the dual Liouville potential turned on. This is an idea explored in [4] where the c = 1 matrix model was used to study the Liouville theory with c_L < 25.

5More precisely, as we will see in section 5, the lim_{β→1} S_{iβ} (iω) and lim_{β→1} S_{−iβ} (iω) are given by the first and second equation in (5.34) respectively, where ω1 = ω2 = ω , ω3 = 0 and λ_{TShG} = μ = ~μ. Thus the expression (3.9) is slightly heuristic.

– 5 –

The (1+1)-dimensional string theory with the linear dilaton is dual to the double scaled matrix quantum mechanics (MQM) [26 – 30] and [31, 32]. The U(N) MQM is equivalent to the system of N non-interacting fermions trapped in the MQM potential (fermi liquid) [33]. In the double scaling limit [27 – 30], N is taken to the infinity and the fermi level −μ_{bare} as measured from the top of the potential is taken to zero, while keeping Nμ_{bare}(= 1/g_s) fixed finite. Then the double scaled MQM is the second quantised free fermion theory in the inverted harmonic oscillator potential:

H_F = 1 2 �_∞ −∞ dx � ∂_xΨ^†∂_xΨ − x^2Ψ^†Ψ � , (4.1)

where the fermion satisfies the commutation relations � Ψ^†(x), Ψ(x^′) � = δ(x − x^′) . (4.2)

The vacuum — the flat spacetime with the linear dilaton and the tachyon condensate T = −μxe^{2x} — corresponds to the fermi sea, h(x, p) ≡^1_2 (p^2 − x^2) ≤ −μ, or equivalently − � x^2 − 2μ ≡ p_− ≤ p ≤ p_+ ≡ � x^2 − 2μ.

It is possible to deform the fermi surface. To see it, let us consider the Hamilton-Jacobi equation of this system. It is given by

∂_tS = −h(x, ∂_xS) = 1 2 � x^2 − (∂_xS)^2 � , (4.3)

where S(x; t) is Hamilton’s principal function and p = ∂_xS. Taking the partial derivative of this equation w.r.t. x, we obtain the Euler equation [34]

∂_tp = x − p∂_xp . (4.4)

The static solution p = p(x) corresponds to the vacuum as we commented above, whereas the non-static solutions p = p(x; t) deform the static fermi surface p_± = ± � x^2 − 2μ.

The bosonisation ∂_xϕ = πΨ^†Ψ leads to Das-Jevicki-Sakita’s collective field description of the double scaled MQM [35, 36]:

S_B = � dtdx π � (∂_tϕ)^2 2∂_xϕ − 1 6 (∂_xϕ)^3 + � 1 2 x^2 − μ � ∂_xϕ � . (4.5)

This is a (1 + 1)-dimensional string field theory, and the solutions to the classical equation of motion,

∂_t � ∂_tϕ ∂_xϕ � − 1 2 ∂_x � ∂_tϕ ∂_xϕ

�_2 − 1 2 ∂_x(∂_xϕ)^2 + x = 0 , (4.6)

describe various different backgrounds. With the relations [34],

∂_xϕ = p_+ − p_− 2 , ∂_tϕ ∂_xϕ = − p_+ + p_− 2 , (4.7)

the bosonic equation of motion (4.6) is indeed equivalent to the fermionic ones

∂_tp_± = x − p_± ∂_xp_± . (4.8)

Hence the deformations of the fermi surface correspond to generating different backgrounds in the (1 + 1)-dimensional string field theory [34].

– 6 –

Of our particular interest among non-static solutions to the Euler equation (4.8) is

(sinh(t + t_0)x − cosh(t + t_0)p) (sinh(t − t_0)x − cosh(t − t_0)p) = −μ sinh(2t_0) , (4.9)

found in [4, 5], where t_0 ≥ 0 is a constant (see also related works [37 – 47] on other nonstatic backgrounds).^6 Incidentally this solution can be generated from the static solution by a similarity transformation (x, p) → U^{−1} (x, p)U where U = e^{− α}2^{w2} with t_0 =^1_4 ln tanh α and w_2 = w_{02} − w_{20} together with a scaling of μ [42]. The generators w_{rs} of the W_∞ algebra are given by w_{rs} = 1 2 e^{(r−s)t} (x − p)^r(x + p)^s , (4.10)

which satisfy {w_{rs}, w_r′_s′ }_{P B} = (rs^′ − sr^′)w_{r+r}′_{−1,s+s} ′_{−1} . (4.11)

We shall consider the bosonic string theory, so will restrict ourselves to one side of the fermi sea in the region x < 0. For large −x,^7 it is easy to find from the relations (4.7) that

∂_xϕ = −μx^{−1} + 1 2 (tanh(t + t_0) − tanh(t − t_0)) x + O(x^{−3} ) . (4.13)

The world-sheet tachyon T is related to the collective field ϕ, for x^{−2} ϕ ≪ 1, via the dictionary [34] T + 1 2 = e^{2q}ϕ + O(e^{4q}) , (4.14)

up to the leg pole factor which is not relevant in our case. Here we have defined x ≡ −e^{−q} . Then we have [4, 5]

T = μqe^{2q} + 1 4 � sinh(2t_0) cosh(t + t_0) cosh(t − t_0) − 2 � ∼ μqe^{2q} − 1 2 λ � e^{2t} + e^{−2t} � , (4.15)

where we have defined λ_{MM} = e^{−2t 0} ≤ 1. The last expression is valid for −| ln λ_{MM}| ≪ t ≪ | ln λ_{MM}| only for which x^{−2} ϕ ≪ 1 and the dictionary works. Thus the non-static solution (4.9) describes the bulk bouncing tachyon in the linear dilaton background [4, 5]. In particular, the last expression in (4.15) corresponds to the world-sheet theory of the direct product of two CFTs, the c_L = 25 (b = 1) Liouville and the c_L = 1 (b = i) limit of the Liouville theory (2.1) with the dual Liouville potential turned on.

The non-static solution (4.9) suggests the following interpretation of the bulk bouncing tachyon [4, 5]: We will set μ to zero for simplicity. But the following picture is essentially the same for finite μ. In the infinite past t = −∞, the upper p_+ and lower half p_− of the fermi surface degenerate, that is, p_± = −x. This means that the fermi sea, p_− ≤ p ≤ p_+, is

6The non-static background (4.9) is an example of the spacetime with spacelike boundaries. Thus it offers an interesting laboratory for understanding the spacetime with cosmological horizon [46]. We would like to thank S. Das for bringing our attention to the paper [46].

7More precisely,

−x ≫ � 4μ cosh(t + t 0) cosh(t − t 0) sinh(2t0)

. (4.12)

– 7 – drained out. There is nothing to be excited from the empty fermi sea – no string propagates. Since the dictionary (4.14) breaks down in particular at t = −∞, we do not know it for sure but it is tempting to consider that the tachyon is at T = ∞ at this point. Strings cannot propagate in the infinitely stiff tachyon medium in spacetime. As time goes by, the fermi sea is being filled until t = 0 at which p_± = ± tanh(t_0)x and it then starts draining. It keeps on draining and is again emptied out in the infinite future t = +∞ at which p_± = x.

Rephrasing the process of the bulk bouncing tachyon, the spacetime (or universe) starts out from nothing in the infinite past, is then created and “expands” until t = 0, and then “contracts” until it eventually dies off to nothing in the infinite future. Note that there is a parallel between this picture and the full S-brane of D-brane decay. In the latter case, an unstable D-brane is created and then annihilated, instead of the spacetime (or universe) [12].

Note also that when t_0 = 0 thus λ_{MM} = 1, the upper and lower half of the fermi surface always degenerate, that is, p_± = tanh(t)x. Thus the fermi sea is drained out at all time. This point λ_{MM} = 1 is similar to λ_o =^1_2 for the full S-brane at which the system is thought to be at the bottom of the tachyon potential.

4.1 The spectrum

We would now like to understand the closed string spectrum in the background (4.9). We will thus expand the collective field action (4.5) about the background ϕ_0 as

ϕ(t, x) = ϕ_0(t, x) + √ πη(t, x) , (4.16)

and look at the quadratic part w.r.t. the fluctuation η. The quadratic action is given by

S_2 = 1 2 � dtdx ∂_xϕ_0 � ∂_tη −

∂_tϕ_0 ∂_xϕ_0

∂_xη

�_2 − (∂_xϕ_0)^2(∂_xη)^2 � . (4.17)

Following [39], we introduce a new coordinate system (τ, y) by

y = ϕ_0(t, x) and τ = t . (4.18)

Then the quadratic action simplifies to the diagonal form

S_2 = 1 2 � dτdy � 1 (∂_xϕ_0)^2

(∂_τ η)^2 − (∂_xϕ_0)^2(∂_yη)^2 � . (4.19)

With this form, the fluctuation spectrum can be found by solving the equation of motion � ∂_τ � 1 (∂_xϕ_0)^2

∂_τ � − ∂_y((∂_xϕ_0)^2∂_y) � η(τ, y) = 0 . (4.20)

In our application, we have the explicit form

y ∼ − sinh(2t_0) 4 cosh(t + t_0) cosh(t − t_0) x^2 for − x � sinh(2t_0) 4μ cosh(t + t_0) cosh(t − t_0)

≫ 1 .

(4.21)

– 8 –

One can then easily find that the equation of motion takes the form � ∂^2_χ − ∂^2_{ln(−y)} � η(χ, ln(−y)) ∼ 0 , for − y ≫ μ , (4.22)

where we have introduced a new time coordinate χ by

e^χ = cosh(τ + t_0) cosh(τ − t_0)

. (4.23)

In fact the coordinate system (χ, ln(−y)) for −y ≫ μ is an example of the flat coordinate in [39]. The quadratic action becomes that in the flat metric in terms of (χ, ln(−y)).

Note that since the r.h.s. of (4.23) increases monotonically as a function of τ, the new time coordinate χ has a finite range,

−2t_0 ≤ χ ≤ 2t_0 . (4.24)

Note also that χ ∼ 2τ , for − t_0 ≪ τ ≪ t_0 . (4.25)

The fluctuation equation of motion (4.22) reduces to � ∂^2_t − ∂^2_q � η(t, q) ∼ 0 for − t_0 ≪ t ≪ t_0 and − q ≫ 1 , (4.26)

where the dictionary (4.15) is valid. This is the region far away from the Liouville wall and the confining walls of the bouncing tachyon, where the theory is approximately free.

Since the time χ has the finite range, we need to impose the boundary conditions at χ = ±2t_0. It seems natural to impose the Dirichlet boundary condition,

η(χ = ±2t_0, ln(−y)) = 0 . (4.27)

Then we have η ∝ e^{iωχ} − e^{4it0 ω}e^{−iωχ} = e^{iωχ} − λ^{2iω}_{MM}e^{−iωχ} , (4.28)

with the closed string energy ω being quantised by ω = πn 4t_0 = πn 2 ln λ_{MM}

, n ∈ Z_+ . (4.29)

Since the free wave equation (4.22) takes the form (4.26) with the relation (4.25) in the weak field approximation, the energy ω here is the same as the one in the world-sheet theory (2.1). The same remark below (3.10) is applied regarding n being in Z_+.

Note first that the closed string wavefunction (4.28) precisely agrees with that of the massless limit of the TShG model, discussed in section 3, where the reflection amplitude is given by −((λ_{TShG})_{ren})^{2iω}. This agreement may suggest the Dirichlet boundary condition to be the right choice. Secondly we find the exact agreement between the energy quantisation (4.29) in the matrix model and the one (3.10) in the TShG model.

Incidentally the bulk rolling tachyon can be obtained by first shifting τ → τ + τ_0 and χ → χ + 2τ_0, and then taking the limit

λ_{MM} → 0 , τ_0 → −∞ , keeping κ ≡ λ_{MM}e^{−2τ 0} fixed finite , (4.30)

– 9 – which corresponds to the time-dependent part of the tachyon condensate to be T = −^1_2 κe^{−2t} . From (4.23), one can see that

ln κ ≤ χ . (4.31)

Thus the time direction is a half-line in the (χ, ln(−y)) coordinate. Imposing the Dirichlet boundary condition at χ = ln κ yields

η ∝ e^{iωχ} − κ^{2iω}e^{−iωχ} , (4.32)

with ω ∈ R_+, which is in agreement with the reflection amplitude in the c_L = 1 timelike Liouville theory [19, 15].

The flat coordinate (χ, ln(−y)) is particularly a “good” frame at least for −y ≫ μ. To see it, let us look at the interaction part of the expansion of the action. One can find that it is given by

S_{int} ∼ � dχd ln(−y) π � − 1 6 e^{− ln(−y)} ( √ π∂_{ln(−y)} η)^3 + 1 2 ( √ π∂_χ η)^2 ∞� n=1 e^{−n ln(−y)} (− √ π∂_{ln(−y)} η)^n � . (4.33) Thus the interaction becomes time-independent, essentially the same as that of the static background, as in the case of [41] (see also a related discussion [44]). In particular the perturbative treatment seems to make sense as long as −y ≫ μ even near χ ∼ ±2t_0 (thus |t| ≫ t_0), which we believe validates our result.

Finally another point to make is that the flat coordinate (χ, ln(−y)) manifests the matrix cosmology picture of [5]. The spacetime is (conformally) flat, but the time interval in which the universe exists varies with the strength λ_{MM} = e^{−2t 0} of the bulk bouncing tachyon as −| ln λ_{MM}| ≤ χ ≤ | ln λ_{MM}|. At λ_{MM} = 1 the universe does not exist at all, which is analogous to λ_o =^1_2 for the full S-brane of D-brane decay. In fact the energy quantisation (4.29) indicates that there is no excitation to be allowed at λ_{MM} = 1.

5. Timelike c_L = 1 Liouville

We now try to understand the energy quantisation directly from the construction of the c_L = 1 (thus b = i) limit of the timelike Liouville theory with the dual Liouville potential turned on. Our attempt will end incomplete. We will, however, be able to show how the restriction on the spectrum comes about and that the energy quantisation we found in the previous sections could be consistent with that restriction.

On this score, Teschner’s construction [48] of 2 and 3-pt functions is particularly useful. In short, this construction provides two different (dual) ways to obtain the 2 and 3-pt functions via the recursion relations. Two results then have to match up. This constraint could lead to the restriction on the spectrum. The condition from the 2-pt function consistency will be given in (5.15) and is in fact similar to the ones (3.6) and (3.8) of the (T)ShG model. In the case of b = i, it is very easy to see that (5.20) (the b = i limit of (5.15)) could take exactly of the same form as (3.9) if an appropriate choice of the function f_{i/2}(α|R) is made. We will now discuss it in more detail.

– 10 –

Teschner’s construction is to consider auxiliary (n + 1)-pt functions with one insertion of the (2, 1) or (1, 2) degenerate field in order to calculate n-pt functions. The (2, 1) and (1, 2) degenerate fields are given by ψ_{2,1} ≡ V_{−b/2} and ψ_{1,2} ≡ V_{−1/2b} respectively, where we have defined V_α = e^{2αϕ} , (5.1)

with the conformal dimension Δ_α = α(Q − α). The operator product expansions (OPEs) of any primary field with ψ_{2,1} and ψ_{1,2} involve only two conformal families [49],

V_α V_{−b/2} = C^{α−b/2}_{α,−b/2} � V_{α−b/2} � + C^{α+b/2}_{α,−b/2} � V_{α+b/2} � , (5.2)

V_α V_{−1/2b} = C^{α−1/2b}_{α,−1/2b} � V_{α−1/2b} � + C^{α+1/2b}

α,−1/2b � V_{α+1/2b} � . (5.3)

The structure constant C^{α+b/2}_{α,−b/2} is given explicitly by [50]

C^{α+b/2}

α,−b/2 = −πμ

γ(2bα − 1 − b^2) γ(−b^2)γ(2bα)

, (5.4)

where γ(x) = Γ(x)/Γ(1 − x), and C^{α−b/2}_{α,−b/2} and C^{α−1/2b}_{α,−1/2b} are set to be unity by the choice of normalization.

A remark is in order; As we will show the details in Appendix A, the formula (5.4) for the structure constant is invalid at b = i. This is because there are an infinite number of contributions from the screening integrals at the point b = i, since the combination � d^2ze^{2bϕ(z)} � d^2we^{2ϕ(w)/b} of two screening integrals has zero net charge. Summing them up then yields

C^{α+i/2}

α,−i/2 = limb→i

πμγ(b^2) (1 − (πμγ(b^2))(π~μγ(1/b^2)))^2

. (5.5)

The precise prescription of taking the b → i limit was given by Schomerus [15] (and Fredenhagen and Schomerus [16]) in their construction of 3-pt functions; setting b^2 = −1+iϵ and then sending ϵ → 0_+, in order to approach the limit from the well-defined regime of the 3-pt functions. Then we have

lim_{b→i} γ(b^2) = lim_{ϵ→0+} γ(−1 + iϵ) = lim_{ϵ→0+} � i ϵ � , lim_{b→i} γ(1/b^2) = lim_{ϵ→0+} γ(−1 − iϵ) = lim_{ϵ→0+} � − i ϵ � . As we motivated ourselves in the TShG argument above, we would like to consider μ, ~μ < 0. In order to have a finite result, we renormalise the CCs, as in Strominger and Takayanagi [19], by setting μ = μ_{ren}ϵ and ~μ = ~μ_{ren}ϵ. Then the structure constant in the b → i limit is given by C^{α+i/2}

α,−i/2 =

iπμ_{ren} (1 − (πμ_{ren})(π~μ_{ren}))^2

, (5.6)

where μ_{ren}, ~μ_{ren} < 0.

– 11 –

Similarly the dual structure constant C^{α+1/2b}_{α,−1/2b} can be calculated as [50]

C^{α+1/2b}

α,−1/2b = −π~μ

γ(2α/b − 1 − 1/b^2) γ(−1/b^2)γ(2α/b)

, (5.7)

for b ≠ i, and C^{α−i/2}_{α,i/2} =

−iπ~μ_{ren} (1 − (πμ_{ren})(π~μ_{ren}))^2

, (5.8)

for b = i. They can be obtained by replacing b by 1/b and μ by ~μ in the expression of C^{α+b/2}

α,−b/2 .

5.1 Two-point function The two-point function in Liouville theory takes the form

|z|^{2Δ α 1} ⟨V_{α 1} (z)V_{α 2} (0)⟩ = δ(α_1 + α_2 − Q) + D(α_1)δ(α_1 − α_2) . (5.9)

The first term corresponds to |z|^{2Δ α} ⟨V_α (z)V_{Q−α} (0)⟩ = 1 which defines the normalisation, C^{α−b/2}_{α,−b/2} = C^{α−1/2b}_{α,−1/2b} = 1, that we adopted above.

We now consider an auxiliary 3-pt function with an insertion of the (2,1) degenerate field, G_3(z_1, z_2, z; α_1, α_2) ≡ ⟨V_{α 1} (z_1)V_{α 2+b/2}(z_2)V_{−b/2} (z)⟩ . (5.10)

The associativity and locality require that two ways of taking the OPEs (1) z → z_1 and (2) z → z_2 in (5.10) give the same result, which in this case yields [50]

D(α) = C^{α+b/2}_{α,−b/2} D � α + b 2 � . (5.11)

This can be solved to

D(α) = f_{b/2}(α|R) � πμγ(b^2)

�_{(Q−2α)/b} γ(2bα − b^2) b^2γ(2 − 2α/b + 1/b^2)

, (5.12)

where the function f_ν (α|R) is a two-parameter (ν and R) family of periodic functions of α with period ν. The parameter R is defined by R = ln[(π~μγ(1/b^2))^b/(πμγ(b^2))^{1/b}] and is an “interval” between two Liouville walls.^8 By a scaling argument, the periodic function f_ν (α|R) can depend on μ and ~μ only through R. In the b = i case, as we discussed above, we have to deal with it separately. However the result is as simple as replacing πμγ(b^2) by (5.6) and otherwise setting b = i in this expression.

A similar consideration by using the (1, 2) degenerate field V_{−1/2b} yields

D(α) = g_{1/2b}(α|R) � π~μγ(1/b^2)

�_{b(Q−2α)} b^2γ(2α/b − 1/b^2) γ(2 − 2bα + b^2)

. (5.13)

The function g_ν (α|R) is defined similarly as f_ν (α|R). Again, in the b = i case, we replace π~μγ(1/b^2) by (5.8).

8This is because formally the Liouville wall is defined by μe^{2bϕ 0} ∼ 1, and the dual Liouville wall by ~μe^{2ϕ 0/b} ∼ 1.

– 12 –

The periodic functions f_ν and g_ν are not independent but related by the Z_2-symmetry in (2.1) under b ↔ 1/b together with μ ↔ ~μ. It is easy to show, for instance, by a heuristic manipulation of the path integral expression of D(α), that

f_{1/2b}(α|R) = g_{1/2b}(α| −R) . (5.14)

We have obtained the 2-pt function D(α) in two different ways, one (5.12) by using the (2, 1) degenerate field and the other (5.13) by the (1, 2) degenerate field. They must give the same result. The second γ-function factors are shown to be the same. Thus we have the constraint f_{b/2}(α|R) = e^{R(Q−2α)} f_{1/2b}(α| −R) . (5.15)

Note also that there is another Z_2-symmetry under b ↔ −b together with α ↔ −α and ϕ ↔ −ϕ, which leads to a constraint

f_{−ν} (−α| −R) = f_ν (α|R) , (5.16)

where ν = b/2 or 1/2b. This can be used when we discuss the b = i case later.

There are two ways to think about the consistency condition (5.15); (1) it can be regarded as a condition on the periodic functions f_{b/2}(α|R) and f_{1/2b}(α| − R), should the (5.15) hold for arbitrary momentum α. (2) if we are to give up the first possibility, it may be thought of as the restriction on the allowed momentum α for given periodic functions f_{b/2}(α|R) and f_{1/2b}(α| −R).

In the first case, one can see that the eq. (5.15) implies

f_{b/2} � α + 1 2b |R � = e^{−R/b} f_{b/2}(α|R) , (5.17)

f_{1/2b} � α + b 2 | −R � = e^{bR}f_{1/2b}(α| −R) . (5.18)

Thus f_{b/2}(α|R) and f_{1/2b}(α| −R) must be quasi-doubly periodic. When the ratio of two periods is not real, there actually exist an infinite number of such functions which can be constructed from the Jacobi Theta functions. The ratio, however, is b^2, and thus this being not real corresponds to the strongly coupled gravity regime 1 < c_L < 25. It is a very interesting problem to understand this regime, but we will not go into this case in the present paper.

In the case of R = 0, two periodic functions f_{b/2}(α|R) and f_{1/2b}(α| −R) are doubly periodic, and indeed the same from (5.15). Then it is well-known that, when the ratio of two periods b^2 is real and irrational, only such a function is constant. As noted in [48], although b^2 is rational for the much studied case of two-dimensional quantum gravity coupling to the minimal models, it still provides a supportive argument — if one assumes the continuity w.r.t. b — for uniqueness of the solution proposed in [17, 18].

We would like to make a comment here. Teschner’s construction, as one can see from the above discussion, requires the presence of the dual Liouville potential. It may be interpreted as that the dual Liouville potential is generated quantum mechanically [51]. The standard construction [18] of the Liouville theory further requires the dual CC to be

– 13 – at the self-dual point R = 0. This may be a manifestation of the b ↔ 1/b duality of the 2 and 3-pt functions of [17, 18], as noted in [50]. However, the canonical quantisation [52] of the Liouville theory suggests that the Liouville field satisfies quantum mechanically the equation of motion without the dual Liouville potential. Thus it seems not too clear whether or not the standard Liouville theory should be thought of as the model with the dual Liouville potential tuned at the self-dual point.

5.1.1 The b = i case Since our primary interest is in the b = i case, we shall restrict ourselves to this case. Two periods b/2 and 1/2b become minus of each other when b = i, so they are degenerate. If the constraints (5.17) and (5.18) were to be satisfied for arbitrary α, it would impose the factor e^{iR} to be 1. However it is impossible except for R = 0, since R is pure imaginary, if one assumes μ and ~μ to be real that is the case of physical interest.

Thus for generic R the only possibility is to regard the consistency condition (5.15) as the restriction on the momentum α.

The constraints (5.16) from the Z_2-symmetry, under b ↔ −b together with α ↔ −α and ϕ ↔ −ϕ, then relates two periodic functions by

f_{−i/2} (α| −R) = f_{i/2}(−α|R) . (5.19)

Thus the restriction (5.15) on the momentum α now becomes

f_{i/2}(α|R) f_{i/2}(−α|R)

= e^{−4iα ln λ lcft} , (5.20)

where

ln λ_{lcft} ≡ − iR 2 = ln � λ_{ren} (1 − λ^2_{ren})^2 � , and λ_{ren} ≡ π � μ_{ren} ~μ_{ren} . (5.21)

Notice its similarity to (3.9). It is clear that if f_{i/2}(α|R) is an even function, the constraint (5.20) is exactly of the same form as (3.9).

We will restrict ourselves to the case ω ≡ α ∈ R which corresponds to the timelike theory. Then the constraint (5.20) can be rewritten as

4ω ln λ_{lcft} = 2πn + i ln � f_{i/2}(ω|R) f_{i/2}(−ω|R) � , n ∈ Z . (5.22)

From the CFT viewpoint, the choice of the periodic function f_{i/2}(α|R), however, is rather arbitrary at this stage. If the function f_{i/2}(ω|R) is even or (quasi-)doubly periodic, that is, f_{i/2}(ω|R) = e^{2πik} f_{i/2}(ω + π/ ln λ_{lcft}|R), where k ∈ Z and f_{i/2}(0|R) < ∞, and f_{i/2}(ω + i/2|R) = f_{i/2}(ω|R), the constraint (5.22) reduces to the energy quantisation (3.10) and (4.29). We also note that the TShG and matrix model result (4.28) may suggest f_{i/2}(ω|R) to be simply 1. Then by the field renormalisation V_ω → (e^{πi} ~μ_{ren}/μ_{ren})^{iω/2}V_ω the reflection amplitude becomes D(ω) = −λ^{2iω}_{lcft} in agreement with the results in the previous sections.

– 14 –

5.2 Three-point function

Next we repeat a similar analysis for the 3-pt functions. In this case, we consider an auxiliary 4-pt function with an insertion of the (2,1) degenerate field,

G_4(z_1, z_2, z_3, z; α_1, α_2, α_3) ≡ ⟨V_{α 1} (z_1)V_{α 2} (z_2)V_{α 3} (z_3)V_{−b/2} (z)⟩ . (5.23)

We will leave the details to Teschner’s original paper [48]. The crossing symmetry of the 4-pt function leads to a recursion relation (eq.(21) and (26) of [48]) for the structure constants, similar to the one (5.11) for the 2-pt functions, which can be solved to [17, 18]

C(α_1, α_2, α_3) = F_b(α_1, α_2, α_3|R) � πμγ(b^2)b^{2−2b 2}

�_{(Q−}^�_{i α i)/b} e^{IQ(α 1,α 2,α 3)} , (5.24)

where F_ν (α_1, α_2, α_3|R) is a two-parameter (ν and R) family periodic function of α_is with period ν. It is symmetric under the permutations of α_is. In the special case when α_3 → 0, it must reduce to f_{ν/2}(α|R), where α = α_1 = α_2, for the 2-pt function;^9 F_b(α, α, 0|R) = f_{b/2}(α|R). The function I_Q(α_1, α_2, α_3) is defined in the appendix.

A similar consideration with the (1, 2) degenerate field leads to

C(α_1, α_2, α_3) = F_{1/b}(α_1, α_2, α_3| −R) � π~μγ(1/b^2)b^{−2+2/b 2}

�_{b(Q−}^�_{i α i)} e^{IQ(α 1 ,α 2,α 3)} , (5.25)

Two results (5.24) and (5.25) have to match up. It then requires that

F_b(α_1, α_2, α_3|R) = e^{R(Q− �3i=1 α i)}F_{1/b}(α_1, α_2, α_3| −R) , (5.26)

similar to the one (5.15) for the 2-pt functions. Note that this indeed reduces to that for the 2-pt functions when α_3 is sent to zero.

5.2.1 The b = i case We now focus on the b = i case. The (dual-)CC dependent factors in (5.24) and (5.25) are to be replaced by (5.6) and (5.8) respectively, as in the case of 2-pt functions. The nontrivial functional part e^{IQ(α 1,α 2,α 3)} in this limit was first found by Runkel and Watts [14] as a c = 1 limit of the minimal models for the spacelike theory, and then obtained as a certain c_L = 1 limit of the Liouville theory by Schomerus and Fredenhagen [15, 16]. In particular the 3-pt functions for the timelike theory were proposed in [15]. Since the explicit form of this function is not relevant at the level of our discussion, we will leave it for their original papers.

Similarly to the constraint (5.19) from the Z_2-symmetry, we have

F_{−i} (α_1, α_2, α_3| −R) = F_i(−α_1, −α_2, −α_3|R) . (5.27)

Thus the momentum restriction is given by

F_i(α_1, α_2, α_3|R) F_i(−α_1, −α_2, −α_3|R)

= e^{−2i �3i=1 α i ln λ lcft} = (−1)^{�3i=1 ni} , (5.28)

9When α 3 is sent to zero, the structure constant C(α 1, α 2, α 3) vanishes unless α 2 = α 1 or α 2 = Q − α 1. In the b = i limit, however, this point is subtle and requires a slightly nontrivial procedure [14].

– 15 – where we have plugged α_i = ω_i = πn_i/2 ln λ_{lcft} in, in the last equality. So for the constraint (5.22) for the 2-pt functions to agree with the energy quantisation (3.10) and (4.29), the l.h.s. cannot be equal to −1, since otherwise it would have implied that f_{i/2}(α|R) = −f_{i/2}(−α|R). Hence the l.h.s. must be equal to 1 for the agreement of the CFT construction with the TShG and matrix model results. It is then required that 3� i=1 n_i = 2n , n ∈ Z_+ . (5.29)

This may simply imply the selection rule for the sum of energies in the 3-pt correlations. As noted in the end of the last subsection, the choice F_i(α_1, α_2, α_3|R) = 1 may be preferred.

In sum, it can be consistent at this stage to have the discrete spectrum ω = πn 2 ln λ_{lcft} = πn 2 ln (λ_{ren}/(1 − λ^2_{ren})^2)

, n ∈ Z_+ , (5.30)

in constructing the c_L = 1 (thus b = i) limit of the timelike continuation of (2.1). The TShG and matrix model results seem to suggest that the unspecified functions f_{i/2}(α|R) and F_i(α_1, α_2, α_3|R) may simply be equal to 1 (together with a field renormalisation V_ω → (e^{πi} ~μ_{ren}/μ_{ren})^{iω/2}V_ω), as noted before.

However, the most important check is the compatibility of our proposed spectrum with the conformal bootstrap equations [49]. The conformal bootstrap might fix the possible form of the function F_i(α_1, α_2, α_3|R) (so f_{i/2}(α|R)), or in the worst case disprove any form to be inconsistent. To test the conformal bootstrap is beyond the scope of our paper. It remains to be seen.

For the spacelike c_L = 1 Liouville theory without the dual Liouville potential (or depending on the interpretation, with the self-dual Liouville potential, that is the R = 0 case in our notation), the conformal bootstrap was checked numerically by Runkel and Watts [14], whereas for the timelike c_L = 1 Liouville theory of [15, 19], it is yet to be checked, since in particular the timelike theory cannot be obtained by a naive analytic continuation as emphasised in [15].

5.3 Limiting cases

As noted already, the energy quantisation (5.30) mimics exactly that of the system in a finite time interval ΔT , where

ΔT = 2 ln λ_{lcft} = 2 ln � λ_{ren} (1 − λ^2_{ren})^2 � . (5.31)

In fact the interval |ΔT | is the distance between two (renormalised) Liouville walls.

Here we would like to comment on two extreme cases, (1) ΔT → ∞ and (2) ΔT → 0. We are interested in the limiting spectrum and the (dual-)CC dependent factor in the 2 and 3-pt functions. We will restrict ourselves to the range 0 ≤ λ_{ren} ≤ 1, since the renormalisation of the couplings (5.6) and (5.8) were obtained in the form of geometric series with the convergence radius |λ_{ren}| < 1 as shown in the appendix.

– 16 –

In the case (1), there are two ways to reach the limit; λ_{ren} → 0 and λ_{ren} → 1. We take the λ_{ren} → 0 limit by

~μ_{ren} → 0 , n → ∞ , keeping μ_{ren} and ω ∼ πn 2 ln λ_{ren} fixed finite , (5.32)

μ_{ren} → 0 , n → ∞ , keeping ~μ_{ren} and ω ∼ πn 2 ln λ_{ren} fixed finite . (5.33)

In both cases the spectrum becomes continuous, as the interval |ΔT | is now infinite. The (dual-)CC dependent factor for each case simply takes the form respectively of

(iπμ_{ren})^{i �3i=1 ωi} , and (−iπ~μ_{ren})^{−i �3i=1 ωi} . (5.34)

This is indeed the result one would expect for the c_L = 1 limit [19, 15] of the timelike Liouville theory with a single Liouville potential.^{10} These limits provide the ingredient Liouville theories in the TShG model in section 3. It also suggests the renormalisation of the TShG coupling

(λ_{TShG})_{ren} = λ_{ren} −→ λ_{lcft} = λ_{ren} (1 − λ^2_{ren})^2

, (5.35)

away from |(λ_{TShG})_{ren}| ≪ 1.

We next take the λ_{ren} → 1 limit (thus πμ_{ren} = 1/π~μ_{ren}) by

λ_{ren} → 1 , n → ∞ , keeping ω ∼ − πn 4 ln(1 − λ^2_{ren}) fixed finite . (5.36)

Again the spectrum becomes continuous for the same reason, and the CC dependent factor reduces to (−1)^{12 �3i=1 ni} × (iπμ_{ren})^{i �3i=1 ωi} . (5.37)

The sign factor (−1)^12^{�3i=1 ni} may be absorbed into a field renormalisation. Thus this case is essentially equivalent to the λ_{ren} → 0 cases.

In the case (2), we need to take the coupling λ_{ren} to the critical value

λ_c = {λ | λ^2 + √ λ − 1 = 0 ; 0 ≤ λ ≤ 1} . (5.38)

This corresponds to λ_{MM} = 1 of the matrix model. The spectrum disappears, as the interval |ΔT | is now zero. As remarked before, this point is an analogue of λ_o =^1_2 for the full S-brane of D-brane decay.

However, we note that since ΔT = 0 is nothing but the self-dual point R = 0, we have an alternative isolated solution to the consistency conditions (5.20) and (5.28) — the continuous spectrum, which thus is essentially equivalent to the c_L = 1 limit of [19, 15].

10However, see the comment made right before the section 5.1.1.

– 17 –

6. Summary and discussions

We have proposed that the closed string energy in the bulk bouncing tachyon background is to be quantised as if strings were trapped in a finite time interval. The massless limit of the TShG model provides us with the most intuitive argument for why and how the energy should be quantised. The dual matrix model of the (1 + 1)-dimensional string theory helps us to take the common speculation on the bulk tachyon condensation more seriously, and make the analogy between the bulk bouncing tachyon and the full S-brane of D-brane decay clearer. It has then proved to give a strong support for our proposal, manifesting the intuition of strings in a finite time interval in a concise manner. Our attempt of constructing the c_L = 1 limit of the Liouville theory with the dual Liouville potential has ended short of completion. It, however, has provided a different way to reach the energy quantisation from the CFT viewpoint, which can be consistent with the results in the TShG and matrix models, at least at the level of our analysis. The crucial test is to check whether our proposed discrete energy spectrum is compatible with the conformal bootstrap constraints. This remains to be seen.

The bulk tachyon might not have as interesting applications nor as much motivation to consider it as the open string tachyon. However, the matrix cosmology of the bulk bouncing tachyon offers an interesting toy model of the Big-Bang/Crunch cosmology. It might be interesting to consider an application of the bulk bouncing tachyon to cosmology in higher dimensions, though in which taking into account the back-reaction from the string pair productions to the geometry would be a challenging problem.

Finally there is a certain parallel between the bulk bouncing tachyon and the Schwarzshild bubble of [53]. It might be worthwhile to revisit the question discussed in [54].

Acknowledgments

The author would like to thank Alex Flournoy for enjoyable discussions and especially Oren Bergman for helpful discussions and comments on the manuscript. This work is in part supported by the Israel Science Foundation under grant no. 101/01-1.

A. Calculation of structure constant

In this appendix, we will show the details of the computation of the structure constant C^{α+b/2}

α,−b/2 , in particular, with emphasis on the peculiarity of the b = i case.

From the OPE (5.2), the structure constant may be given by

C^{α+b/2}

α,−b/2 = lim

z1→∞,z3→0

z_2→1

|z_1|^{4Δ Q−α−b/2} ∞� n,m=0

(−μ)^n(−~μ)^m n!m!

× (A.1)

× ⟨V_{Q−α−b/2} (z_1)V_α (z_2) � � d^2ue^{2bϕ(u)}

�_n � � d^2ve^{2ϕ(v)/b}

�_m V_{−b/2} (z_3)⟩_{free} ,

– 18 – where ⟨· · ·⟩_{free} denotes the correlation function of free CFT. Except for b = i, the only contribution comes from (n, m) = (1, 0) in the sum, due to the “charge” conservation in the presence of the background charge −2Q. Then we only need to evaluate the single integral, which gives us (5.4).

However, in the case of b = i, since the combination � d^2ze^{2bϕ(z)} � d^2we^{2ϕ(w)/b} of two screening integrals has zero net charge, there is an infinite number of contributions from all the terms of (n, m) = (k + 1, k) with k ∈ Z_+ ∩ {0}. Therefore we now need to evaluate the Dotsenko-Fateev integral [55]

I_{m,n} ({α_i}; b) ≡ lim_{z1→∞,z3→0}

z2→1

|z_1|^{4Δ α 1}

(−μ)^n(−~μ)^m n!m!

× (A.2)

× � � 3� i=1 V_{α i} (z_i) n� k=1 V_b(u_k) m� j=1 V_{1/b}(v_j ) �

free

d^2u_kd^2v_j ,

with (n, m) = (k + 1, k) with k ∈ Z_+ ∩ {0}.

This integral can be read off from the Liouville 3-pt function, since the 3-pt function was so constructed that it obeys

I_{n,m}(α_i; b) = Res�_{i α i=Q−nb−m/b} C(α_1, α_2, α_3) , (A.3)

where the 3-pt function is given by

C(α_1, α_2, α_3) = � πμγ(b^2)b^{2−2b 2}

�_{(Q−}^�_{i α i)/b} e^{IQ(α 1 ,α 2,α 3)} , (A.4)

and we have defined

e^{IQ(α 1 ,α 2,α 3)} ≡

Υ_0Υ(2α_1)Υ(2α_2)Υ(2α_3) Υ( � i α_i − Q)Υ(α_1 + α_2 − α_3)Υ(α_2 + α_3 − α_1)Υ(α_3 + α_1 − α_2)

, (A.5)

and the replacement � πμγ(b^2)b^{2−2b 2}

�_{(Q−}^�_{i α i)/b}� � �_{i α i=Q−nb−m/b}→ � πμγ(b^2)b^{2−2b 2}

�_n �

π~μγ � 1 b^2 � � 1 b �_{2−2/b} 2 �m , is required in (A.4). The special function Υ(x) is defined by

ln Υ(x) ≡

�_∞ 0 dt t � (Q/2 − x)^2e^{−2t} − sinh^2(Q/2 − x)t sinh(bt) sinh(t/b) � , (A.6) and Υ_0 ≡ dΥ(x) dx � � �_{x=0} . (A.7)

It has zeroes at x = −nb − m/b and x = Q + nb + m/b with n, m ∈ Z_+ ∩ {0}. Also it is clearly invariant under b ↔ 1/b.

By making use of the formula Υ � x − nb − m b � = (−1)^{nm}b^{−n(n+1)b 2} b^{m(m+1)/b2} � b^{−1+2bx}

�_n � b^{1−2x/b}

�_m × (A.8) × �_n � l=1 m� k=1 � x − lb − k b �_{−2 n}�

l^′=1

γ(bx − l^′b^2) m� k^′=1 γ � x b − k^′ b^2

� �−1 Υ(x) ,

– 19 – one can find that

I_{n,m}({α_i}; b) = b^{4(n−m)} � πμγ(b^2)

�_n �

π~μγ � 1 b^2

�_m × × n� l=1 m� k=1 � lb + k b �_{−2 n}�

l^′=1

γ(−l^′b^2) m� k^′=1 γ � − k^′ b^2 � ×

× 3� i=1 �_{n−1} � l^{′′}=0

m−1�

k^{′′}=0 � 2α_i + l^{′′}b + k^{′′} b �_{−2 n−1}�

l^{′′′}=0

γ(−2bα_i + 1 − l^{′′′}b^2) ×

× m−1�

k^{′′′}=0 γ � − 2α_i b + 1 − k^{′′′} b^2 � � . (A.9)

We now apply this formula to the b = i case by taking the following limit

C^{α+i/2}

α,−i/2 = limϵ→0_+ limη→0 ∞� n=0 I_{n+1,n}(Q − α − b/2, α, −b/2 + η; b) � � � b^2=−1+iϵ

, (A.10)

where we first take the η → 0 limit and then ϵ → 0_+. Without this limiting procedure, the Dotsenko-Fateev integral (A.9) is not well-defined. Note that the result crucially depends on how to perform the regularisation and take the limit. Our reasoning for choosing this particular limit is the following; There is a zero and pole at α = −b/2 in (A.9) irrespective of the value of b, so we first regularise them by introducing the regulator η for arbitrary b. Then since there appear additional zeroes and poles when b^2 → −1, we further introduce the regulator ϵ. A particular choice b^2 = −1+iϵ is instructed from Schomerus’s construction of the c_L = 1 Liouville 3-pt functions [15].

Using repeatedly the formulae

γ(x − n) = (−1)^n n� l=1 (x − l)^{−2} γ(x) , γ(x + n) = (−1)^n n−1� l=0 (x + l)^2γ(x) ,

γ(x)γ(1 − x) = 1 , γ(x)γ(−x) = − 1 x^2

, (A.11)

one can find that

C^{α+i/2}

α,−i/2 = iπμ ren ∞� n=0 (n + 1)(πμ_{ren})^n(π~μ_{ren})^n =

−iπμ_{ren} (1 − (πμ_{ren})(π~μ_{ren}))^2

, (A.12)

where we have renormalized the CCs by taking the limits μ, ~μ → 0 and ϵ → 0_+ with b^2 = −1 + iϵ, while μ_{ren} ≡ −iμγ(b^2) and ~μ_{ren} ≡ i~μγ(b^2) kept fixed, as in section 3. Since the series in (A.12) is only convergent for λ^2_{ren} = (πμ_{ren})(π~μ_{ren}) < 1, either the theory with |λ_{ren}| > 1 is ill-defined, or one might take the final expression of (A.12) to define the theory with |λ_{ren}| > 1 by means of analytic continuation.

References

[1] A. Sen, Tachyon dynamics in open string theory, hep-th/0410103.

– 20 –

[2] A. Adams, J. Polchinski and E. Silverstein, Don’t panic! closed string tachyons in ALE space-times, JHEP 10 (2001) 029 [hep-th/0108075].

[3] M. Headrick, S. Minwalla and T. Takayanagi, Closed string tachyon condensation: an overview, Class. and Quant. Grav. 21 (2004) S1539 [hep-th/0405064].

[4] D. Minic, J. Polchinski and Z. Yang, Translation invariant backgrounds in (1+1)-dimensional string theory, Nucl. Phys. B 369 (1992) 324.

[5] J.L. Karczmarek and A. Strominger, Matrix cosmology, JHEP 04 (2004) 055 [hep-th/0309138].

[6] C.G. Callan Jr., I.R. Klebanov, A.W.W. Ludwig and J.M. Maldacena, Exact solution of a boundary conformal field theory, Nucl. Phys. B 422 (1994) 417 [hep-th/9402113].

[7] J. Polchinski and L. Thorlacius, Free fermion representation of a boundary conformal field theory, Phys. Rev. D 50 (1994) 622 [hep-th/9404008].

[8] A. Sen, Rolling tachyon, JHEP 04 (2002) 048 [hep-th/0203211]. [9] A. Sen, Tachyon matter, JHEP 07 (2002) 065 [hep-th/0203265].

[10] M. Gutperle and A. Strominger, Timelike boundary Liouville theory, Phys. Rev. D 67 (2003) 126002 [hep-th/0301038].

[11] F. Larsen, A. Naqvi and S. Terashima, Rolling tachyons and decaying branes, JHEP 02 (2003) 039 [hep-th/0212248].

[12] N. Lambert, H. Liu and J. Maldacena, Closed strings from decaying D-branes,

hep-th/0303139.

[13] M. Gutperle and A. Strominger, Spacelike branes, JHEP 04 (2002) 018 [hep-th/0202210]. [14] I. Runkel and G.M.T. Watts, A non-rational CFT with c = 1 as a limit of minimal models, JHEP 09 (2001) 006 [hep-th/0107118].

[15] V. Schomerus, Rolling tachyons from Liouville theory, JHEP 11 (2003) 043 [hep-th/0306026].

[16] S. Fredenhagen and V. Schomerus, Boundary Liouville theory at c = 1, JHEP 05 (2005) 025 [hep-th/0409256].

[17] H. Dorn and H.J. Otto, Two and three point functions in Liouville theory, Nucl. Phys. B 429 (1994) 375 [hep-th/9403141].

[18] A.B. Zamolodchikov and A.B. Zamolodchikov, Structure constants and conformal bootstrap in Liouville field theory, Nucl. Phys. B 477 (1996) 577 [hep-th/9506136].

[19] A. Strominger and T. Takayanagi, Correlators in timelike bulk Liouville theory, Adv. Theor.

Math. Phys. 7 (2003) 369 [hep-th/0303221].

[20] H. Yang and B. Zwiebach, A closed string tachyon vacuum?, hep-th/0506077. [21] M.R. Gaberdiel and A. Recknagel, Conformal boundary states for free bosons and fermions, JHEP 11 (2001) 016 [hep-th/0108238].

[22] C.R. Ahn, C.J. Kim and C. Rim, Hidden relation between reflection amplitudes and thermodynamic Bethe ansatz, Nucl. Phys. B 556 (1999) 505 [hep-th/9903134].

– 21 –

[23] C.R. Ahn, V.A. Fateev, C.J. Kim, C. Rim and B. Yang, Reflection amplitudes of ADE toda theories and thermodynamic Bethe ansatz, Nucl. Phys. B 565 (2000) 611 [hep-th/9907072].

[24] C.R. Ahn, P. Baseilhac, V.A. Fateev, C.J. Kim and C. Rim, Reflection amplitudes in non-simply laced toda theories and thermodynamic bethe ansatz, Phys. Lett. B 481 (2000) 114 [hep-th/0002213].

[25] S. Fredenhagen and V. Schomerus, On minisuperspace models of S-branes, JHEP 12 (2003) 003 [hep-th/0308205].

[26] D.J. Gross and N. Miljkovic, A nonperturbative solution of D = 1 string theory, Phys. Lett. B 238 (1990) 217.

[27] E. Brezin, V.A. Kazakov and A.B. Zamolodchikov, Scaling violation in a field theory of closed strings in one physical dimension, Nucl. Phys. B 338 (1990) 673.

[28] P.H. Ginsparg and J. Zinn-Justin, 2D gravity + 1D matter, Phys. Lett. B 240 (1990) 333. [29] G. Parisi, String theory on the one-dimensional lattice, Phys. Lett. B 238 (1990) 213. [30] D.J. Gross and I.R. Klebanov, One-dimensional string theory on a circle, Nucl. Phys. B 344 (1990) 475.

[31] J. McGreevy and H. Verlinde, Strings from tachyons: the c = 1 matrix reloaded, JHEP 12 (2003) 054 [hep-th/0304224].

[32] I.R. Klebanov, J. Maldacena and N. Seiberg, D-brane decay in two-dimensional string theory, JHEP 07 (2003) 045 [hep-th/0305159].

[33] E. Brezin, C. Itzykson, G. Parisi and J.B. Zuber, Planar diagrams, Commun. Math. Phys. 59 (1978) 35.

[34] J. Polchinski, Classical limit of (1+1)-dimensional string theory, Nucl. Phys. B 362 (1991) 125.

[35] A. Jevicki and B. Sakita, The quantum collective field method and its application to the planar limit, Nucl. Phys. B 165 (1980) 511.

[36] S.R. Das and A. Jevicki, String field theory and physical interpretation of D = 1 strings, Mod. Phys. Lett. A 5 (1990) 1639.

[37] G.W. Moore and R. Plesser, Classical scattering in (1+1)-dimensional string theory, Phys.

Rev. D 46 (1992) 1730 [hep-th/9203060].

[38] S.Y. Alexandrov, V.A. Kazakov and I.K. Kostov, Time-dependent backgrounds of 2D string theory, Nucl. Phys. B 640 (2002) 119 [hep-th/0205079].

[39] S. Alexandrov, Backgrounds of 2D string theory from matrix model, hep-th/0303190. [40] S. Alexandrov, Matrix quantum mechanics and two-dimensional string theory in non-trivial backgrounds, hep-th/0311273.

[41] J.L. Karczmarek and A. Strominger, Closed string tachyon condensation at c = 1, JHEP 05 (2004) 062 [hep-th/0403169].

[42] S.R. Das, J.L. Davis, F. Larsen and P. Mukhopadhyay, Particle production in matrix cosmology, Phys. Rev. D 70 (2004) 044017 [hep-th/0403275].

[43] P. Mukhopadhyay, On the problem of particle production in c = 1 matrix model, JHEP 08 (2004) 032 [hep-th/0406029].

– 22 –

[44] M. Ernebjerg, J.L. Karczmarek and J.M. Lapan, Collective field description of matrix cosmologies, JHEP 09 (2004) 065 [hep-th/0405187].

[45] T. Takayanagi, Matrix model and time-like linear dilaton matter, JHEP 12 (2004) 071 [hep-th/0411019].

[46] S.R. Das and J.L. Karczmarek, Spacelike boundaries from the c = 1 matrix model, Phys. Rev.

D 71 (2005) 086006 [hep-th/0412093].

[47] S.Y. Alexandrov and I.K. Kostov, Time-dependent backgrounds of 2D string theory:

non-perturbative effects, JHEP 02 (2005) 023 [hep-th/0412223].

[48] J. Teschner, On the Liouville three point function, Phys. Lett. B 363 (1995) 65 [hep-th/9507109].

[49] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite conformal symmetry in two-dimensional quantum field theory, Nucl. Phys. B 241 (1984) 333.

[50] V. Fateev, A.B. Zamolodchikov and A.B. Zamolodchikov, Boundary liouville field theory, 1.

Boundary state and boundary two-point function, hep-th/0001012.

[51] J. Teschner, Liouville theory revisited, Class. and Quant. Grav. 18 (2001) R153 [hep-th/0104158].

[52] J. Teschner, A lecture on the Liouville vertex operators, Int. J. Mod. Phys. A 19S2 (2004) 436 [hep-th/0303150].

[53] E. Witten, Instability of the Kaluza-Klein vacuum, Nucl. Phys. B 195 (1982) 481.

[54] S.P. De Alwis and A.T. Flournoy, Closed string tachyons and semi-classical instabilities, Phys. Rev. D 66 (2002) 026005 [hep-th/0201185].

[55] V.S. Dotsenko and V.A. Fateev, Four point correlation functions and the operator algebra in the two-dimensional conformal invariant theories with the central charge c < 1, Nucl. Phys. B 251 (1985) 691.

– 23 –